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Abstract. Two symmetry operations described by abbreviated symbols
«(DyM;N,P;) and B(DyM,N,Ps) can coexist only when E = MM, + NN, + PP, assu-
mes one of 7allowed” values. » Allowed” E-values for given o and B rotation angles
are presented in tables.

INTRODUCTION

Each symmetry operation met with in crystallography can be described
with an abbreviated symbol o(D M N P) in which
o — angle of rotation (also 0° in the case of mirror planes),
D — -1 for a simple axis, —1 for a mirror axis,
g YENPR __ coordinates of a point in space fulfilling the condition M2 -
+ N2 + P2 = 1 (the axis passes through points 0, 0, 0 and
WYL NS T2,
Using the generalized matrix introduced in the foregoing paper (Nedoma
1975)

M2R + cos o MNR — Psina MPR + N s?n o
MNR + P sina N2R + cos o NPR — M sin o
MPR — N sin o NPR -+ Msin o P2R -+ cos o

_ where:

R=D — cosa
all elements of the matrix corresponding to a given abbre
can be easily calculated.

viated symbol
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For two generalized matrices given by abbreviated symbols
a(D;M,N,P,) and B(DyM,N,P5) a third resulting matrix v(D3M;N3P3) can be
always derived by simple matrix multiplication. The resulting angle of ro-
tation y must assume however — as all rotation angles in crystallogra-
phy — only allowed values (60°, 90°, 120°, 180°, 360°). Two arbitrary
chosen matrices can be thus always multiplied, but the resulting matrix
must not always denote a symmetry operation met with in crystallography.

Using matrix notation it is not easy to see immediately whether the
multiplication of two given matrices leads to a matrix of a symmetry
operation allowed in crystallography i.e. it is not easy to decide whether
two given matrices describe two coexisting symmetry operations. The aim
of the present paper was to discuss the coexistence of symmetry elements
in terms of abbreviated symbols introduced previously (Nedoma 1975).

COEXISTENCE OF TWO SYMMETRY OPERATIONS

Let us consider two symmetry operations a(D;M;,N,P;) and B(DsM,N,Py).
The elements appearing in matrices describing these operations will be
denoted a; and by; respectively. As demonstrated previously (Nedoma 1975)
the y-angle of the third symmetry operation c¢;; derived by matrix multi-
plication can be calculated from the general equation

Sa—Ds

cosy = 7

where:
Ss = 11 + C22 T C33
ci; = denotes the elements of the resulting matrix y(D3M;N3Py3).
The value of the determinant D; can be obtained — as known — by
simple multiplication of determinants D, and D,:
D3 = Dl'DZ

The matrix elements ¢;;, C22 and ¢33 can be calculated by matrix multi-
plication using the notation of generalized matrix.

¢y = (M3 Ry + cosa) (M3 R, + cosB) +

+ (M;N;R, — P sina) (M;N;R; + P,sin ) + “
+ (M,P,R, + N, sin a) (MyP;R; — N, sin B)

o (MlNlRl = Pl sin (1) (M2N2R2 7= Pz sin ﬁ) ot
4+ (NiR, + cosa) (N2 Ry + cosf) +
=k (Nllel T Ml sin (1) (NgPZRz A Mz sin 6)

§
Css'— (Mllel o Nl Sin(l) (M2P2R2 + N2 sin B) +
== (lel)lRl I M1 sin (1) (szsz = Mz sin ﬁ) Sl
+ (P} R, + cos a) (P R, + cos B)

The sum S; = ¢;; + cg + c33 is thus given by the following formula
S; = (Mle + N,N, + P,P,)? RyR, — 2 (M M, + NiN, +
+ P,Py) sinasinf + Ry cosf + Rycosa + 3 cos a-cosf
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Introducing for the sake of simplification the symbol
El‘z s M1M2 + NlNz + PIPZ
we can write for cos y the following equation -

9 cosy = Ejs RiRy — 2-E;ysina-sinf + Ry-cosf + Ry cosa +
3 + 3-cos a-cos § — DD,

Introducing for R, and R, their general values D; — cos« and D, — cos B
respectively, we obtain finally 1

Ef,g (D; — cos a):(Dy — cos B) — 2 Eyp-sina-sinf + D, cos f +
h D, cos o — DiD,y + cosarcosfp —2cosy = 0 [1]

This equation being symmetrical with respect to a(D,M,N,P;) and
B(D,M,N,P,), holds for both matrix multiplications

a(D;M,N,P,)-B(D,M;N,Ps) and B(D;M,N,P,)-a(DM;N,P))

All values appearing in abbreviated symbols must be therefore chosen in
a way ensuring that the resulting cos y will assume one of allowed values

JSDR 2

(1 - 0,—L,—1')

We can discuss the equation [1] from an other point of view. We can
choose arbitrarily three allowed values for o, f and y, combine them with
D;, D, and D;D,-values and try to answer the question whether it is pos-
sible to find such E;,-values which would fulfill the equation [1]. If this
equation can not be solved for given a, B, v, D;D,-values we must come to
the conclusion that the chosen « and f values can never lead to the requ-
ired resulfing y-operation at no E-value i.e. that there is no position of
these o and B rotation axes in space which could ensure that the y-axis
resulting from matrix multiplication will rotate the space by an angle allo-
wed in crystalography.

There is an additional condition to be fulfilled if two symmetry axes
passing through the point 0,0, 0 shall coexist in space. If a(DiMiN1Pi)
coexists with f(D;M;N,P,) an other axis f(D;M:N4Ps) obtained by rotating
the B(D;M;N,P,) around the o(Dy;M,N,P;)-axis must coexist with them in
space. The coordinates MNP, can be easily calculated from equations:

My = anM, + a2N» + a,3P;

NG = anM, + aseN, + as3Ps

P, = as M, + agpN, + agP2

The new derived B(D:M N Ps)-axis must coexist with the B(D2M2N2Ps)-
_axis. For this coexistence we can write the following equation (analogous
to the equation [1]) ;

E§,4 «(Dy— eos B)2 — 2 Ey3sin®f + 2 Dycosp —1 + cos?p — 2 cose= 0[2]

where
Ez,é T M2M4 + N2N4 + P2P4
¢ — angle of rotation resulting from matrix multiplication
6_(D2M2N2P.z),'ﬁ(DzM4N4P4), T P mRma M INSSRUE R o
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Coexistence of two symmetry axes for D; = 1; D, = —1
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Table 3 Introducing for M,;N,P, their equivalents we obtain the following equation

Coexistence of two symmetry axes for Dy = —1; D, = —1 E“ v Ei,z By 3]
cos B il ; 1 i Eliminating E,, and E; , from equations ([1], [2], [3]) and basing on the
3 X B fact that a, B, v, & Dj, D, can assume only rational values we can easily
o g B e E FIX B . o B S demonstrate that the value of ;
= V2 (D,D, + cos vy):(D; + cos a)- (D, + cos B)
. F1 ! i) *12“ 1 —% must be also rational.
S 1 SRl 3 o e = w1 If two symmetry axes a(D,M;N,P;) and ((D,M,N,P5) shall coexist in
2 f space (gwmg thg resulting third symmetry operation v(D;D,, M;N;P;) two
9 = following cryteria must be thus fulfilled:
1. The value of E, , calculated from the equation
e LAt ; | : EZ, (Dy — cos d)- (D, — cosB) — 2 Eypsina-sin + D, cos f +
: LS . D, cosa — DD, + cosa-cosf — 2cosy = 0
g P2 3 ! wct > f must be real and fulfill the condition —1 <E <1
> 1 e 2L _d 2. The value of
V2 2 PO, PR N i
st gLl V2 (DD, + cos y)- (D, + cos a): (D, + cos )
o 2
“: 4l must be rational.
B Assuming all combination of a, f, y-angles allowed in crystallography
7 : ‘ 3 - we can check — with aid of these both cryteria — whether two axes
“E 2 P 0 =1 1 1 2 : o and B can lead to a resulting axis v and at what E; ,-value such a coexi-
1 . % stence is possible. Excluding all not-allowed combinations we obtain the
- e s el e - PR =1 ;— values presented in tables 1, 2, 38
1 1 5
sy EER ]/ T g
S 1 P : i REFERENCES
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1 1 NEDOMA J.,1975: A generalized matrix of symmetry elements. Miner. Polon. 6, 1,
o= 83—89.
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D = -L —-% ]/ ;— 0 LER - ﬁ WSPOLISTNIENIE ELEMENTOW SYMETRII W SWIETLE
g2 AR 2 2 4 SKROCONYCH SYMBOLI MACIERZOWYCH
56 J—ly & ’;— = 1/ = 0 Sy 1 ;
3 2 o
1 0 g ol i 11 ol | Streszczenie
V3 2 V2 2 -
1 g 1 |
e T e 0
V3 e V2 . 1 ; : s : boli skréconych
‘ Dwie operacje symetrii opisane Zza pomocg Sym oli
0 =i ;— -——;— ) ‘ o(D;M;N,P;) i B(D,M,N>P,) moga wspalistnie¢ z soba wylacznie Wt?de g};:l’y
Rl ] E = MM, % N.N, + PiP, proybiera jedna z wartoscl ,dozwd SRLC o
- 2 _Dozwolone” wartosci E dla danych katow obrotu o i § przedfiawy
3 : 5% w tabelach 1 — 3.
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[03eq) HEJJOMA, Anna LOJIEK

COCYULECTBOBAHMWE 3JJEMEHTOB CAMMETPHH B CBETE
COKPAULEHHBIX MATPUYHBIX CAMBOJIOB

Pesiome

Jlse omepauuu CHMMETPHH ONHCHIBAEMbIC COKPAULCHHBIMH CHMBOJNAMH
a(DyM;N,P;) u B(D3M,yN,P,) MOIyT COCYLIECTBOBATEH JIHUIL NPH yCJIOBHH 1o
E = M,M, + N,N, + P,P, TmpuHHMaer OJHO H3 ,JIONYCTUMBIX"  3HAUCHHH.
,Jlonycrumbie” 3nauennsi £ Jis YIVIOB BpalleHUsl o (3 IPUBEACHBL B TabJiu-
nax 1 — 3.



